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Abstract
In the present paper, we introduce the generalized form of (p, q) Baskakov-Durrmeyer Operators with
Stancu type parameters. We derived the local and global approximation properties of these operators and
obtained the convergence rate and behaviour for the Lipschitz functions. Moreover, we give comparisons
and some illustrative graphics for the convergence of operators to some function.
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1. Introduction
In Post-quantum calculus, approximation by linear positive operators is an important research topic.
(p, q)-calculus is used efficiently in various arena of science, for instance Lie group, differential equations,
field theory, hypergeometric series etc (See [3, 4]). Various approximation operators has been defined which
are based on (p, q)-integers. Some of these are Bernstein operators [16], Bleimann-Butzer-Hahn operators
[17], Sza´sz-Mirakyan operators [1] etc. (See [14, 15]).
For more detail and basic notations of (p, q)-calculus please refer [2, 7, 11, 18]. Baskakov operators,
its Durrmeyer type modification and its Stancu type genralizations has been well studied by various
mathematicians (See [6, 8, 9, 13, 19]). In order to approximate Lebesgue integrable functions Acar et al.
defined (p, q)-Baskakov-Durrmeyer Operators [2] as
Bp,qn (f ;x) = [n]p,q
∞∑
k=0
bp,qn,k(x)
∫ ∞
0
pk(k−1)/2
([n]p,q)
kEp,q(−q[n]p,qt)
[k]p,q!
f
(
pk+n−1
qk−1
t
)
dp,qt, (1.1)
where x ∈ [0,∞), 0 < q < p ≤ 1 and
bp,qn,k(x) =
[
n+ k − 1
k
]
p,q
pk+n(n−1)/2qk(k−1)/2
xk
(1⊕ x)n+kp,q
, Ep,q(x) =
∞∑
n=0
qn(n−1)/2xn
[n]p,q!
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In this paper we generalize this operator 1.1 with Stancu type parameters. Assuming 0 ≤ α ≤ β, we define
Bp,qn,α,β(f ;x) = [n]p,q
∞∑
k=0
bp,qn,k(x)
∫ ∞
0
pk(k−1)/2
([n]p,q)
kEp,q(−q[n]p,qt)
[k]p,q!
f
(
pk+n−1q1−kt[n]p,q + α
[n]p,q + β
)
dp,qt, (1.2)
for x ∈ [0,∞), 0 < q < p ≤ 1.
2. Moments
Lemma 1. For x ∈ [0,∞), 0 < q < p ≤ 1, we have
(i). Bp,qn (1;x) = 1,
(ii). Bp,qn (t;x) = x+ qp
n−1
[n]p,q
(iii). Bp,qn (t2;x) =
(
p2 + p
n+2
q[n]p,q
)
x2 +
pn−1[2]2p,q
[n]p,q
x+ [2]p,qp
2n−1q2
[n]2p,q
.
Lemma 2. For x ∈ [0,∞), 0 < q < p ≤ 1, 0 ≤ α ≤ β, we have
(i). Bp,qn,α,β(1;x) = 1,
(ii). Bp,qn,α,β(t;x) = [n]p,q([n]p,q+β)x+
qpn−1+α
[n]p,q+β
(iii). Bp,qn,α,β(t2;x) =
(
[n]2p,qqp
2+[n]p,qpn+2
q([n]p,q+β)2
)
x2 +
(
[n]p,q [2]2p,qp
n−1+2α[n]p,q
([n]p,q+β)2
)
x+ [2]p,qq
2p2n−1+2αqpn−1+α2
([n]p,q+β)2
.
Proof. Using Lemma 1, we can easily say, Bp,qn,α,β(1;x) = 1. Moreover
Bp,qn,α,β(t;x) = [n]p,q
∞∑
k=0
bp,qn,k(x)
∫ ∞
0
pk(k−1)/2
([n]p,q)
kEp,q(−q[n]p,qt)
[k]p,q!
(
pk+n−1q1−kt[n]p,q + α
[n]p,q + β
)
dp,qt
=
[n]p,q
([n]p,q + β)
Bp,qn (t;x) +
α
[n]p,q + β
Bp,qn (1;x)
=
[n]p,q
([n]p,q + β)
x+
qpn−1 + α
[n]p,q + β
.
and
Bp,qn,α,β(t2;x) = [n]p,q
∞∑
k=0
bp,qn,k(x)
∫ ∞
0
pk(k−1)/2
([n]p,q)
kEp,q(−q[n]p,qt)
[k]p,q!
(
pk+n−1q1−kt[n]p,q + α
[n]p,q + β
)2
dp,qt
=
(
[n]p,q
([n]p,q + β)
)2
Bp,qn (t2;x) +
2α[n]p,q
([n]p,q + β)2
Bp,qn (t;x) +
α2
([n]p,q + β)2
Bp,qn (t;x)
=
(
[n]p,q
[n]p,q + β
)2 [(
p2 +
pn+2
q[n]p,q
)
x2 +
pn−1[2]2p,q
[n]p,q
x+
[2]p,qp
2n−1q2
[n]2p,q
]
+
2α[n]p,q
([n]p,q + β)2
[
x+
qpn−1
[n]p,q
]
+
α2
([n]p,q + β)2
=
(
[n]2p,qqp
2 + [n]p,qp
n+2
q([n]p,q + β)2
)
x2 +
(
[n]p,q[2]
2
p,qp
n−1 + 2α[n]p,q
([n]p,q + β)2
)
x+
[2]p,qq
2p2n−1 + 2αqpn−1 + α2
([n]p,q + β)2
.
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Using Lemma2 we can obtain
Bp,qn,α,β((t− x);x) =
(
[n]p,q
([n]p,q + β)
− 1
)
x+
qpn−1 + α
[n]p,q + β
,
and
Bp,qn,α,β((t− x)2;x) = γ1(n)x2 + γ2(n)x+ γ3(n),
where
γ1(n) =
(
[n]2p,qqp
2 + [n]p,qp
n+2
q([n]p,q + β)2
)
− 2[n]p,q
([n]p,q + β)
+ 1,
γ2(n) =
(
[n]p,q[2]
2
p,qp
n−1 + 2α[n]p,q
([n]p,q + β)2
)
−2qp
n−1 + α
[n]p,q + β
,
γ3(n) =
[2]p,qq
2p2n−1 + 2αqpn−1 + α2
([n]p,q + β)2
.
Assuming γ∗(n) = max{γ1(n), γ2(n)2 , γ3(n)}, then
Bp,qn,α,β((t− x)2;x) ≤ γ∗(n)(1 + x)2.
3. Local Approximation
Let us consider the space of all bounded, real valued continuous function on [0,∞). The norm in this
space is defined as
‖f‖CB = sup
x∈[0,∞)
|f(x)|.
Consider the K-functional
K2(f, δ) = inf
g∈W 2
‖f − g‖CB + δ‖g
′′‖CB ,
where δ > 0 and W 2 = {g ∈ CB[0,∞) : g′ , g′′ ∈ CB[0,∞)}. From [5], (p. 177, Theorem 2.4), there exists
an absolute constant C > 0 such that
K2(f, δ) ≤ ω2(f,
√
δ), (3.1)
where the second order modulus of smoothness of f ∈ CB[0,∞) is
ω2(f, δ) = sup
0<h≤δ
sup
x∈[0,∞)
|f(x+ 2h)− 2f(x+ h) + f(x)|,
and the usual modulus of continuity is
ω(f, δ) = sup
0<h≤δ
sup
x∈[0,∞)
|f(x+ h)− f(x)|.
Lemma 3. For f ∈ CB[0,∞), g ∈ C2B[0,∞), we have
|Bˆp,qn,α,β(g;x)− g(x)| ≤ ‖g
′′‖CB(γ∗(n)(1 + x)2 + µ2n(p, q, x)), (3.2)
3
where auxiliary operator
Bˆp,qn,α,β(g;x) = Bp,qn,α,β(g;x) + g(x)− g(Bp,qn,α,β(t;x)). (3.3)
Proof. By the definition of auxiliary operator, it can be concluded that Bˆp,qn,α,β(t − x;x) = 0. Expanding
the function g using Taylor’s expansion
g(t) = g(x) + g(x)(t− x) +
∫ t
x
(t− u)g′′(u)du.
Operating with 3.3 on both sides of above equation, we get
|Bˆp,qn,α,β(g;x)− g(x)| = Bˆp,qn,α,β
(∫ t
x
(t− u)g′′(u)du;x
)
= Bp,qn,α,β
(∫ t
x
(t− u)g′′(u)du;x
)
−
(∫ Bp,qn,α,β(t;x)
x
(Bp,qn,α,β(t;x)− u)g
′′
(u)du
)
= Bp,qn,α,β
(∫ t
x
(t− u)g′′(u)du;x
)
−
∫ Bp,qn,α,β(t;x)
x
(
[n]p,q
([n]p,q + β)
x+
qpn−1 + α
[n]p,q + β
− u
)
g
′′
(u)du.
(3.4)
On further investigation∣∣∣∣∫ t
x
(t− u)g′′(u)du
∣∣∣∣ ≤ ∣∣∣∣∫ t
x
|t− u| |g′′(u)|du
∣∣∣∣ ≤ ‖g′′‖CB ∣∣∣∣∫ t
x
|t− u|du
∣∣∣∣ ≤ ‖g′′‖CB(t− x)2, (3.5)
and∣∣∣∣∣
∫ Bp,qn,α,β(t;x)
x
(
[n]p,q
([n]p,q + β)
x+
qpn−1 + α
[n]p,q + β
− u
)
g
′′
(u)du
∣∣∣∣∣ ≤
(
[n]p,q
([n]p,q + β)
x+
qpn−1 + α
[n]p,q + β
− x
)2
‖g′′‖CB
= µ2n(p, q, x)‖g
′′‖CB . (3.6)
Substituting results of 3.5 and 3.6 into 3.4 we get
|Bˆp,qn,α,β(g;x)− g(x)| ≤ ‖g
′′‖CB(γ∗(n)(1 + x)2 + µ2n(p, q, x)).
Theorem 1. For f ∈ CB[0,∞) and x ∈ [0,∞), there exists a constant L > 0 such that
|Bp,qn,α,β(f ;x)− f(x)| ≤ Lω2(f ;
√
γ∗(n)(1 + x)2 + µ2n(p, q, x)) + ω
(
f ;
qpn−1 + α
[n]p,q + β
)
.
Proof. Using 3.3 we can obtain for any g ∈ C2B[0,∞)
|Bp,qn,α,β(f ;x)− f(x)| ≤ |Bˆp,qn,α,β(f ;x)− f(x)|+ |f(x)− f(Bp,qn,α,β(t;x))|
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≤ |Bˆp,qn,α,β(f − g;x)− (f − g)(x)|+ |f(x)− f(Bp,qn,α,β(t;x))|+ |Bˆp,qn,α,β(g;x)− g(x)|
Using (1.2),(3.3) and lemma 2, we have
‖Bˆp,qn,α,β(f ;x)− f(x)‖ ≤ 4‖f‖CB .
Now by Lemma 3, we get
|Bp,qn,α,β(f ;x)− f(x)| ≤ ‖f − g‖CB +
∣∣∣∣f(x)− f ( [n]p,q([n]p,q + β)x+ qp
n−1 + α
[n]p,q + β
)∣∣∣∣
+‖g′′‖CB(γ∗(n)(1 + x)2 + µ2n(p, q, x))
Taking infimum on right hand side over all g ∈ C2B[0,∞) and using 3.1,
|Bp,qn,α,β(f ;x)− f(x)| ≤ 4K2(f ; (γ∗(n)(1 + x)2 + µ2n(p, q, x))) + ω
(
f ;
qpn−1 + α
[n]p,q + β
)
≤ 4Cω2(f ;
√
γ∗(n)(1 + x)2 + µ2n(p, q, x)) + ω
(
f ;
qpn−1 + α
[n]p,q + β
)
.
Taking L = 4C > 0, we get the desired result.
Theorem 2. Let f ∈ C2[0,∞), pn, qn ∈ (0, 1) such that 0 < qn < pn ≤ 1 and ωa+1(f, δ) be its modulus of
continuity on the finite interval [0, a+ 1] ⊂ [0,∞), where a > 0. Then, for every n > 3,
|Bp,qn,α,β(f ;x)− f(x)| ≤ 4Mf (1 + a2)(1 + x)
√
a∗(n) + 2ωa+1(f, (1 + x)
√
a∗(n))
holds.
Proof. by [10], ωa+1(·, δ) has the property
|f(t)− f(x)| ≤ 4Mf (1 + a2)(t− x)2 +
(
1 +
|t− x|
δ
)
ωa+1(f, δ), δ > 0
Applying Cauchy-Schwarz inequality and choosing δ = (1 + x)
√
a∗(n), we have
|Bp,qn,α,β(f ;x)− f(x)| ≤ 4Mf (1 + a2)Bp,qn,α,β((t− x)2;x) + ωa+1(f, δ)
(
1 +
1
δ
√
Bp,qn,α,β((t− x)2;x)
)
≤ 4Mf (1 + a2)γ∗(n)(1 + x)2 + ωa+1(f, δ)
(
1 +
1
δ
√
γ∗(n)(1 + x)2
)
,
which completes the proof.
4. Weighted Approximation
Consider the weighted space functions defined as
1. Bx2 [0,∞) be the space of functions f defined on [0,∞) satisfying |f(x)| ≤M(1 + x2),M > 0.
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2. Cx2 [0,∞) be the subspace of all continuous functions in Bx2 [0,∞).
3. C∗x2 [0,∞) is the subspace of functions f ∈ Cx2 [0,∞) for which limx→∞ f(x)1+x2 is finite.
Note that the space Bx2 [0,∞) is a normed linear space with the norm ‖f‖x2 = supx≥0 |f(x)|1+x2 . In order to
calculate rate of convergence consider the weighted modulus of continuity defined as
Ω(f ; δ) = sup
x≥0,0<h≤δ
|f(x+ h)− f(x)|
1 + (x+ h)2
for f ∈ C∗x2 [0,∞).
Lemma 4. Weighted modulus of continuity has following properties as defined in [12],
1. Ω(f ; δ) is a monotonic increasing function of δ.
2. limδ→0+ Ω(f ; δ) = 0.
3. For any λ ≥ 0, Ω(f ;λδ) ≤ (1 + λ)Ω(f ; δ).
Theorem 3. Consider p = pn and q = qn such that 0 < qn < pn ≤ 1 and as n→∞, we get pn → 1, qn →
1, pnn → 1, qnn → 1. For any f ∈ C∗x2 [0,∞), we have
lim
n→∞
sup
x∈[0,∞)
∣∣Bpn,qnn,α,β (f ;x)− f(x)∣∣
(1 + x2)1+α
= 0.
Proof.
sup
x∈[0,∞)
∣∣Bpn,qnn,α,β (f ;x)− f(x)∣∣
(1 + x2)1+α
≤ sup
x≤x0
∣∣Bpn,qnn,α,β (f ;x)− f(x)∣∣
(1 + x2)1+α
+ sup
x≥x0
∣∣Bpn,qnn,α,β (f ;x)− f(x)∣∣
(1 + x2)1+α
≤ ‖Bpn,qnn,α,β (f)− f‖C[0,x0] + ‖f‖x2 sup
x≥x0
∣∣Bpn,qnn,α,β (1 + t2;x)∣∣
(1 + x2)1+α
+ sup
x≥x0
|f(x)|
(1 + x2)1+α
. (4.1)
where ‖ · ‖C[0,x0] is the uniform norm on [0, x0].
We have supx≥x0
|f(x)|
(1+x2)1+α
≤ ‖f‖x2
(1+x20)
1+α since |f(x)| ≤M(1 + x2). For arbitrary  we can take large value of
x0 such that ‖f‖x2
(1 + x20)
1+α
<

3
. (4.2)
Using lemma 2 we get
‖f‖x2
∣∣Bpn,qnn,α,β (1 + t2;x)∣∣
(1 + x2)1+α
=
(1 + x2)
(1 + x2)1+α
‖f‖x2 ≤ ‖f‖x2
(1 + x2)α
≤ ‖f‖x2
(1 + x20)
α
<

3
. (4.3)
Also by Korovkin’s theorem we have
‖Bpn,qnn,α,β (f)− f‖C[0,x0] ≤

3
. (4.4)
Hence, using (4.2)-(4.4) in the inequality (4.1), we get the desired result.
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Theorem 4. If f ∈ C∗x2 [0,∞), then as n→∞ we have
|Bpn,qnn,α,β (f ;x)− f(x)| ≤ (1 + x2)(ν2 + ν4
√
x2 + x+ 1) Ω(f ; δ)
≤ ν(1 + x2+λ) Ω(f ; δ),
where λ ≥ 1, δn = maxαn, βn, γn and ν is a positive constant independent of f and n.
Proof. By the definition of weighted modulus of continuity and Lemma 4, we get
|f(t)− f(x)| ≤ (1 + (x+ |t− x|)2)(1 + |t− x|
δ
)
Ω(f ; δ)
≤ (1 + (2x+ t)2)(1 + |t− x|
δ
)
Ω(f ; δ).
Operating with 1.2 both sides of inequality and using Cauchy-Schwarz inequality we get
|Bpn,qnn,α,β (f ;x)− f(x)| ≤
(
Bpn,qnn,α,β
(
1 + (2x+ t)2;x
)
+ Bpn,qnn,α,β
((
1 + (2x+ t)2
) |t− x|
δ
;x
))
Ω(f ; δ)
≤
(
Bpn,qnn,α,β
(
1 + (2x+ t)2;x
)
+
1
δn
√
Bpn,qnn,α,β
(
(1 + (2x+ t)2)2 ;x
)
×
√
Bpn,qnn,α,β ((t− x)2;x)
)
Ω(f ; δ).
For large values of n, from Lemma 2, we can obtain
Bpn,qnn,α,β (1 + t2;x)
1 + x2
≤ 1 + ν1, (4.5)
where ν1 is a positive constant. From 4.5 we can get
Bpn,qnn,α,β (1 + (2x+ t)2;x) ≤ ν2(1 + x2), ν2 > 0, (4.6)
In the same way we can get,
Bpn,qnn,α,β (1+t4;x)
1+x4
≤ 1 + ν3, ν3 > 0 and hence for large values of n,√
Bpn,qnn,α,β ((1 + (2x+ t)2)2;x) ≤ ν4(1 + x2), ν4 > 0.
Hence, we have
|Bpn,qnn,α,β (f ;x)− f(x)| ≤ (1 + x2)
(
ν2 +
1
δn
ν4(1 + x)
√
γ∗(n)
)
Ω(f ; δ).
Let δn =
√
γ∗(n)
|Bpn,qnn,α,β (f ;x)− f(x)| ≤ (1 + x2)(ν2 + ν4(1 + x)) Ω(f ;
√
γ∗(n))
7
≤ ν(1 + x2+λ) Ω(f ;
√
γ∗(n)).
where ν := ν2 + ν4.
5. Graphics
We present comparisons and illustrative graphics for the convergence of (p, q) Baskakov-Durrmeyer-
Stancu Operators to the function f(x) = cosx2, for different values of parameters p = 0.9, q = 0.8, n =
100, 98, α = 0.1, β = 0.5.
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